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In this white paper we will calculate the mean and variance of the product of two lognormally-distributed random
variates. The equation for the product of these two random variates is...

Ae"BeY (1)

In Equation (1) above A and B are constants and x and y are normally-distributed random variates that may
or may not be correlated. Note that taking the exponential of a normally-distributed random variate results in a
lognormally-distributed random variate.

Our Hypothetical Problem

We are tasked with calculating the mean and variance of two lognormally-distributed random variates. The as-
sumptions that we will use in our problem are as follows...

Symbol  Description Value
A Constant multiplier 100.00
B Constant multipier 0.50
Ly Mean of x 0.20
Ly Mean of y 0.05
Oy Std deviation of x 0.40
oy Std deviation of y 0.10

Py Correlation of x and y 0.60

Question: What is the mean and variance of the product equation Ae”B e¥?

Setting Up The Problem

The distribution (mean and variance) of the random variate z is...
T ~ N[,ul, 02] (2)
After normalizing the random variate x in Equation (2) above the equation for 2 becomes...
T = iz + 0p 21 ..where... 21 ~ N {O, 1} (3)
The distribution (mean and variance) of the random variate y is...
o N o] (@)

After normalizing the random variate y in Equation (4) and adding dependence (i.e. correlation) on the random
variate z; in Equation (3) the equation for y becomes...

Y =iy + Pry 0y 21+ /1 —p2, 042 ..Where... 23 ~ N[O, 1} (5)



Note that the process of normalization does not affect correlation and therefore...

Pzy = Pz1,22 (6)

We will need an equation for the product of our two lognormally-distributed random variates. Using Equations (3)
and (5) above this equation is...

Ae®BeY = AExp{‘LLw + 0y zl} BExp{uy + Py 0y 21 +4/1 fp%y UyZQ}
= ABE:z:p{,ux + 0321+ fy + Pry Ty 21 +4/1 —piyo’yzQ}
= ABEgvp{um + fy + (Uw + Py 0y> 21+ /1 —p2, 0y 22} (7)

We will also need an equation for the square of the product of our two lognormally-distributed random variates.
Using Equations (3) and (5) above this equation is...

2
(A e*B ey) = A%e?*B? %Y

= A? Exp{pr + 20, zl} B? Ea:p{2uy +2ppy 0y 21 +24/1—p2 0y zg}
— A2 B2 Exp{Q,ux + 20, 21 + 20y + 205,y 0y 21 +24/1 = pi}y oy zz}
— A2 g2 Exp{?,uz + 2y + 2(0z + Py O'y> 21+ 24/1=p2 oy 22} (8)

To make Equations (7) and (8) easier to work with we will make the following simplifying definitions...

01 =0+ payoy 9)

O = /1 —p2 0y (10)

We will also need the square of 61, the square of 3 and the sum of the squares which are...

0? = o2 + p? yUZ + 205,020y (11)
02_02ipry 5 (12)
07 + 03 = o2 + O'y + 205 4020y (13)

Using the definitions in Equations (9) and (10) above we can rewrite Equation (7) as...
Ae"Be¥ = ABExp{ux + py + 0121 + 62 22} = ABetsthy gl 21 o022 (14)
Using the definitions in Equations (9) and (10) above we can rewrite Equation (8) as...

2
<AemBey> = A’ B? Exp{qu + 24y +2601 21 + 205 22} = A2 BZe2Het2iy 20121 o 20222 (15)

The First Moment Of The Distribution

Using Equation (14) above the equation for the first moment of the distribution of the product of two lognormally-
distributed random variates is...
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To solve the expectation in Equation (16) we first evaluate the inside integral which is...
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After making the following definition...

¢o = z9 — By ...where... ——= =1 ...such that... dz9 = d¢o

We can rewrite Equation (19) as...

=Ee ] 2 1 2 1 2 o [PrEl 2
/ efézl ef1 2 ef%zg e 02 %2 529 = ef%zleel 21 6%92/ 67%(% 5o
z @

s=—o00 V2T V2T V2T s=—oo—0y V2T

$pa=00
= 71 e_%zfegl Z1 8%03 / ’ 1 e_%d)g 6¢2
V2T bo=—oco V2T
1

After replacing the inside integral of Equation (16) with Equation (21) we can rewrite Equation (16) as...
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We then evaluate the remaining integral in Equation (22) which is...
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We can rewrite Equation (23) as...
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After making the following definition...

¢1 = z1 — 01 ...where... % =1 ...such that... dz; = §¢, (26)
21

We can rewrite Equation (25) as...
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After replacing the integral of Equation (22) with Equation (27) we can rewrite Equation (22) as...
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Using Equation (13) above we can rewrite Equation (28) as...
IE[fle”l3ey] = ABetettnt (0040, +2000000) (29)

Done! Equation (29) above is the equation for the first moment of the distribution of the product of two lognormally-
distributed random variates.

The Second Moment Of The Distribution

Using Equation (15) above the equation for the second moment of the distribution of the product of two lognormally-
distributed random variates as per Equation (1) above is...
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To solve the expectation in Equation (30) we first evaluate the inside integral which is...
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Noting that...
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We can rewrite Equation (31) as
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After making the following definition...

ow
wy = 29 — 205 ...where... 5—; =1 ...such that... §z9 = dwo (34)
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After replacing the inside integral of Equation (30) with Equation (35) we can rewrite Equation (30) as
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We then evaluate the remaining integral in Equation (36) which is...
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We can rewrite Equation (37) as...
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We can rewrite Equation (39) as...
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After replacing the integral of Equation (36) with Equation (41) we can rewrite Equation (36) as...
2
E[(A e*B ey) } = A2 B2 2Hat2py 205 (207
— A2 B2 ¢2Hat2py+2 (024-6%) (42)

Using Equation (13) above we can rewrite Equation (42) as...
2
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Done! Equation (43) above is the equation for the second moment of the distribution of the product of two
lognormally-distributed random variates.

The Mean And Variance Of The Distribution

The mean of the distribution is the first moment of the distribution. Per Equation (29) above the mean of the
distribution of the product of two lognormally-distributed random variates is...

mean = E [A e*B ey] = ABetetivts(Oitoyt2pmy0uy) (44)

The variance of the distribution is the second moment of the distribution minus the square of the first moment
of the distribution. Using Equations (29) and (43) above the variance of the distribution of the product of two
lognormally-distributed random variates is...

2 2
variance = E [ (A e*B ey) } — (IE [A e*B ey} )
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The Solution To Our Problem

Using Equation (44) above the mean of the distribution is...

mean = ABeuw+ﬂy+%(ai+05+2pz.yamay)

= (100)(0.50) E:cp{o.20 +0.05 + % (0.402 +0.10% + (2)(0.60)(0.40)(0.10)> }
= 71.59 (46)

Using Equation (45) above the variance of the distribution is...
variance = A? B2 e?H=T21y (62 (o24024+2ps,yo00y) _ eo§+a§+2pm,yamoy)
= (100%)(0.50?) Escp{(2)(0.20) + (2)(0.05)} [Exp{(Q)(O.4O2 +0.10% + (2)(0.60)(0.40)(0.10))}

- E:cp{o.4o2 +0.10% + (2)(0.60)(0.40)(0.10)}]

=1,248.58 (47)



